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Bound on the string tension by the excitation probability for a vortex
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A lower bound on the string tension for large beta in SU(2) LGT is derived. The derivation is from first
principles and bounds the string tension from below by the expectation for the excitation of a single ‘tagged’
thick vortex winding around the lattice. Thus confinement follows if this expectation remains nonvanishing at
large beta. Numerical simulations are presented to show that this is indeed the case.
Over the last two years the center vortex pic-
ture of confinement has undergone substantial de-
velopment by a series of numerical investigations
as well as new analytical results (see e.g. [1] and
references therein, and contributions to these pro-
ceedings). Here we report on a new analytical re-
sult relating the existence of nonzero string ten-
sion to the excitation probability of a vortex at
weak coupling. The relation implies that nonvan-
ishing expectation for an (arbitrarily) long vortex
is a sufficient condition for confinement at weak
coupling. We then present a measurement of this
probability by numerical simulations.
We consider the Wilson loopW [C] =
〈
trU [C]
〉
in the SU(2) LGT with plaquette action
Ap(U) = βA |trUp|+ β trUp , (1)
and for large β, βA. Our result is the following
bound on the Wilson loop:
W [C] ≤ exp(−ρ(β) |A| ) (2)
where |A| is the minimal loop area, and
ρ(β) = (Const) ln[ 1 +
〈
θ∂∗p
〉(+)
tanhK0 ]
≈ (Const) e−4β
〈
θ∂∗p
〉(+)
. (3)
with K0 ≡
1
2 ln coth(2β).
The quantity
〈
θ∂∗p
〉(+)
denotes the expectation
of an operator creating magnetic flux forced to
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wind completely around the (periodic) lattice. It
is defined as follows.
Define for a 3-cube c:
ηc =
∏
p∈∂c
sign trUp . (4)
A configuration such that ηc = −1 represents a
Dirac monopole of Z(2) flux residing on the cube
c. The set of cubes on which ηc = −1 must
form coclosed sets, i.e. closed sets on the dual
lattice (Bianchi identity - magnetic current con-
servation). Thus in d = 4 (where a cube is dual to
a bond), a coclosed set of cubes is a closed loop of
dual bonds: a Z(2) monopole loop. The smallest
such set is the coboundary of a plaquette (figure
1).
By virtue of the conservation constraint, the
presence (absence) of a minimal length monopole
‘loop’ on the coboundary ∂∗p of a plaquette p is
characterized by θ∂∗p = 1 (θ∂∗p = 0), where
θ∂∗p ≡
∏
c∈ ∂∗p
1
2
[ 1− ηc ] . (5)
It is the expectation
〈
θ∂∗p
〉(+)
of this quantity
(5), for some fixed plaquette p, that occurs in
(3). The choice of p is irrelevant by translational
invariance. The ‘+’ in
〈 〉(+)
signifies that the
expectation of θ∂∗p, is computed with:
(i) plaquette action: (βA + β) |trUp|;
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Figure 1. Coboundary of plaquette p con-
sists of the set of cubes having the plaque-
tte (shaded) on their boundary. On the dual
lattice, this corresponds to the boundary of
the dual plaquette p∗ (d=4). The smallest
monopole loop has ηc = −1 on the cubes of
such a single plaquette coboundary.
(ii) ηc = 1 for all 3-cubes on the lattice other
than the cubes belonging to ∂∗p in the nu-
merator, and for all 3-cubes in the denom-
inator (i.e. the partition function) of the
expectation;
(iii) signUp′ = 1 for every plaquette p
′ on the
2-dimensional plane S spanning the lattice
and containing the plaquette p of ∂∗p.
It is important to note, and easily seen that, with
periodic boundary conditions, (i)-(iii) imply that〈
θ∂∗p
〉(+)
depends only on coset SU(2)/Z(2) ∼
SO(3) rather than SU(2) bond variable configu-
rations.
The expectation
〈
θ∂∗p
〉(+)
is now seen to have
the following physical meaning. (We refer to [2],
[3] for a physical discussion of vortices and con-
straints on fluxes on the lattice.) Constraint (iii)
forbids any net vortex flux from crossing the sur-
face S. Furthermore, monopole excitation is for-
bidden everywhere by constraint (ii) except on
the coboundary of the plaquette p on S, where the
factor θ∂∗p enforces the presence of a monopole
loop. The Dirac sheet in the SO(3) configura-
tion, representing the vortex flux attached to this
monopole loop, is thus forced to wind around the
periodic lattice in the perpendicular directions.
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Figure 2. Tagged vortex winding around the
lattice.
〈
θ∂∗p
〉(+)
is then the excitation probability ampli-
tude for a vortex completely winding around the
lattice in the directions perpendicular to the sur-
face S ‘anchored’ by a minimal-length monopole
loop, encircing S (figure 2). This is in fact a ver-
sion of a ’t Hooft loop operator [4]. Shrinking
the monopole loop to a point, would result in the
flux of a complete, ‘unpunctured’ vortex trapped
inside the periodic lattice.
Eqs. (2)-(3) then imply nonvanishing string
tension provided the expectation
〈
θ∂∗p
〉(+)
re-
mains nonvanishing in the large volume limit
at (arbitrarily) large β. What decides this is
whether the free-energy cost of the flux forced
to wind around the (periodic) lattice remains fi-
nite in the large lattice limit. This can happen
if flux can efficiently spread out in the transverse
directions to compensate for the cost along the
winding directions [2], [3]. The monopole loop it-
self represents a local effect of fixed action cost,
and serves to ‘anchor’ and tag the vortex. This is
a very convenient device that leads to derivation
of (2)-(3).
Indeed, the derivation relies on a factorization
inequality for the expectation of n tagged vor-
tices in terms of the product of the expectation
of (n − 1) tagged vortices times that of a single
tagged vortex. It further uses the SO(3) × Z(2)
formulation of the SU(2) LGT [2], and subse-
quent duality transformation on the Z(2) part.
The somewhat lengthy details will appear else-
where.
3The finite local cost associated with the
monopole loop site can in fact be explicitly ex-
tracted, and then
〈
θ∂∗p
〉(+)
can be related to
the expectation for a single unpunctured vor-
tex winding around the lattice, i.e. essentially
’t Hooft’s magnetic-flux free-energy order param-
eter [4]. Now both the latter and
〈
θ∂∗p
〉(+)
are
nonvanishing in the large volume limit already
when evaluated in the semiclassical approxima-
tion for spacetime dimension d ≤ 4. One ex-
pects this to persist and in fact be improved in
the full theory where flux can spread out nonper-
turbatively. In the absence of an analytical proof,
we have resorted to numerical evaluation of the
vortex excitation expectation (magnetic flux free-
energy).
Figure 3. Vortex probability (magnetic-flux
free-energy) vs. lattice size
Measurement was performed by the multihis-
togram method [5]. The method tends to be com-
putationally expensive. It was used in [6] to com-
pute the free energy of a Z(2) monopole pair as
a function of the pair’s separation. The result of
our computation is shown in figure 3. The lattice
spacings are a = 0.119 fm and a = 0.085 fm for
β = 2.4 and β = 2.5, respectively. As expected
by physical reasoning, not only does the vortex
free energy cost remain finite as the lattice vol-
ume grows, but it tends to zero, i.e. the weighted
probability for the presence of a vortex goes to
unity for sufficiently large lattice. This reflects
the exponential spreading of color-magnetic flux
in a confining phase.
In conclusion, we have seen that nonvanishing
expectation for an arbitrarily long spread-out vor-
tex is sufficient to ensure that the SU(2) LGT
remains in a confining phase at any large β. This
should be combined with the result that the pres-
ence of vortices at weak coupling is also necessary
for confinement: constraining a Wilson loop to be
insensitive to the presence of thick vortices linking
with it leads to nonconfining behavior [7]. Both
these statements are clearly demonstrated in the
numerical simulations. In fact, the measurement
of the magnetic-flux free-energy presented here is
interesting in its own right as it also shows that
the probability at large β for the presence in the
vacuum of a sufficiently spread-out vortex actu-
ally tends to one. This is in complete agreement
with the results of the closely connected measure-
ments in [6].
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